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in appearance from that of the complex. The equatorial
scattering in the small-angle X-ray photograph of the polymer
is more intense than that of the complex. This feature may
support the increment of microvoids parallel to the fiber axis.
On the other hand, no distinct scattering along the meridian
is found in either of the photographs. These facts suggest
that the polymer chains aggregate and crystallize without
“chain folding,” at least without “regular chain folding,”
upon removal of thiourea.

In conclusion, the canal polymerizations of 2,3-dichloro-
butadiene and 2,3-dimethylbutadiene are analogous from a
structural viewpoint. The thiourea canal structures of both
the monomer-thiourea complexes are considerably deformed
from a regular hexagonal prism. Such a deformation of the
canals is favorable for inclusion of the guest molecules and
also for 1,4-trans tactic polymerization. Though there is too
little information about the structures of canal complexes to
permit generalizations concerning the specificity of canal
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polymerization, the following conclusions are permissible.
(1) The shape of thiourea canal is adaptable to some extent,
depending upon the size and shape of guest molecule so long
as intermolecular N- . .S distances of 3.4-3.5 A are main-
tained. (2) If a resultant polymer chain cannot assume a
suitable shape and/or size for the original canal, the complex
may be degraded by polymerization, and polymer yield may
be limited. (3) The canal does exert a spatial control which
can promote polymerization, and in a special case, such as the
trioxecane-urea complex, a chemical control for polymeriza-
tion (inhibition of polymerization) is also possible.
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ABSTRACT: The polycondensation of trifunctional monomers with groups A, B, and C of different reactivities is considered
under the restriction that group A can react only with either group B or C. This condensation leads to polymers of the
branched structure of amylopectin and glycogen with no possibility of gel formation. Simple formulas for the weight and
number averages of the degree of polymerization and for the z averages of the mean-square radius of gyration and of the particle
scattering factor are derived with the aid of the cascade theory developed by Good and by Gordon. For large DPy, the mean-
square radius of gyration (52), is found to increase proportionally with the square root of the weight-average degree of polym-
erization but linearly with the number average. This behavior is interpreted in terms of the heterogeneity which at large DPy
is DP,/DP, = DP,,'/* = DP,. The Zimm plots of the particle scattering factor exhibit significant upturns. This behavior
deviates from the linear Zimm plots of the particle scattering factors of randomly branched polycondensates, and it is explained

by the considerably narrower molecular weight distributions compared with the random cases.

In a previous paper Kajiwara, Burchard, and Gordon' re-
ported a new method for the calculation of the particle
scattering factor of randomly branched polycondensates in
which the simple case of homopolymers built up from f-func-
tional monomers was treated. For example, when f = 3
such a monomer can be represented by

A

L
A

1

where each of the A groups has equal probability of reaction
with any other unreacted A group of another molecule.

A consequent extension of such a reaction is the considera-
tion of monomers of the type

/B
A=
C
1I

(1) K. Kajiwara, W. Burchard, and M. Gordon, Brit. Polym. J., 2,
110 (1970).

where A, B, and C have different reactivities. In this paper
branched polymers which are formed by the condensation of
this type of monomer will be treated, but with the restriction
that group A can react only with either group B or C, and
that all other conceivable possibilities are excluded.

This type of condensation has some biological significance,
because the branching of saccharides resulting in glycogen,
amylopectin, and dextran is of this kind. In these poly-
saccharides the three groups A, B, and C are respectively in
the C1, C4, and C6 positions on the glucose ring, A is an
aldehydic OH group, and B and C are alcoholic groups.

; CH,OH
H
4
HO
H OH
@ -glucose

Two sorts of «-glycosidic bonds (i.e., C1-C4 and C1-C6) can
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Figure 1. Molecular assembly of branched molecules and the
corresponding forest of rooted trees.

be formed with different frequencies under the action of two
enzymes.

The formation of « C1-C4 bonds is found to be 4 and 12
times more frequent in glycogen and amylopectin, respectively,
than the formation of o C1-C6 bonds, while the situation is
opposite for dextran, where the o C1-C6 bond is about 12
times more frequent than the « C1-C4 bond.

The type of condensation shown above as II was first con-
sidered by Erlander and French.? They applied a method of
calculation developed by Flory? and succeeded in the -cal-
culation of the molecular weight averages My, My, and M,.

Here details of calculation of some conformational averages
are given, for example, the z average of the mean-square
radius of gyration and the z average of the particle scattering
factor. The results of Erlander and French are also obtained,
as a by-product.

Theory

The basis of the calculation is the theory of cascade pro-
cesses developed by Good* and by Gordon.* As this
method is not very familiar to chemists, a brief outline will be
given which will not be strict from the mathematical stand-
point but may give insight in the power of the method.

General Considerations, Consider an assembly of branched
molecules as symbolized in Figure 1 (top). If a chain ele-
ment (repeat unit) of a molecule is chosen at random and put
as a root, one obtains trees, as shown by Figure 1 (bottom).
The nodes correspond to the centers of a unit and the edges
to the functionalities of the unit. The size of such a tree
could be calculated by counting the nodes in the different
generations, stdarting with the root as the zeroth generation,
and summing. However, since each unit of a molecule in
the assembly of Figure 1 has the same chance of being a root
of a tree, one has to consider not only one special tree but the
whole forest consisting of all possible rooted trees. For in-
stance, there are six possible different rooted trees for the
hexamer given in Figure 2 (shown in the bottom part of
Figure 2).

Let N, be the frequency of a special isomer k of degree of
polymerization x. The average size of a tree from the mo-

(2) S.R. Erlander and D. French, J. Polym. Sci., 20, 7 (1936).

(3) P. I. Flory, J. Amer. Chem. Soc., 74, 2718 (1952); “Principles of
Polymer Chemistry,” Cornell University Press, Ithaca, N. Y., 1953,

(4) (a) 1. J. Good, Proc. Camb. Phil. Soc., 45, 310 (1948); (b) ibid.,
56,367 (1960); (c) Proc. Roy. Soc., Ser. A, 272, 240 (1963).

(5) M. Gordon, ibid., 268, 240 (1962).

(6) G.R.Dobson and M., Gordon, J. Chem. Phys., 41, 2389 (1964).

(7y D. S. Butler, M. Gordon, and G. N, Malcolm, Proc. Ray. Soc.,
Ser. A, 295, 29 (1966).
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Figure 2. The six possible rooted trees of a special hexamer.

lecular assembly of Figure 1 is then, by inspection, the weight-
average degree of polymerization, because there are xN,; <«
wazr possible rooted trees for each isomer of the degree of po-
lymerization x, wj; is thereby the weight fraction of the kth
isomer of molecules in the assembly. Instead of simply
counting the nodes in the different generations, one can pro.
vide the nodes with a weighting factor ¢(n) depending on the
generations or on the path length of a node in the nth genera-
tion from the zeroth generation. Typical representatives of
such weighting functions are! -

o(n) = Mo (1a)
o(n) = o'n (1b)

where M, = molecular weight of a unit and ¢ = effective
bond length. Functions of (1b) and (Ic) are encountered
in the calculation of the mean-square radius of gyration and
the particle scattering factor of gaussian chains.® Evidently,
the sum of all possible path lengths is correlated to confor-
mational averages.

Thus, the main problem is how to count trees. Good and
later Gordon showed that the use of generating functions
leads to relatively simple and easily accessible results for this
formidable looking statistical problem.

Probability of Offspring. Gordon made use of Flory’s
concept’ that all molecular averages of a branched polymer
must be correlated to the extent of reaction, i.e., the fraction
of a special type of reactive groups which may have been
reacted. Let os, av, and a. be the probabilities (extent of
reaction) for a reaction of the groups A, B, and C in the
monomer II. One now wishes to know for given values of
g, ap, and a., the average-number of offspring for a monomer
in the zero, the first and all other generations. Mathe-
matically the answer is found by convolution of the three-link
probability distributions f,, f, and f; of the groups A, B, and
C.

fo = L Xt @

where f; is the probability distribution for offspring in the
zeroth generation and the asterisks stand for convolution.

The distributions £, and f. are very simple and have only
two elements, i.e., ey, 1 — oy, and a, 1 — ., because there
are only the possibilities that B or C may have reacted or not.
The third distribution f, has three elements as A can have
reacted with B or with C or not at all.

The convolution is a rather complicated process if per-

(8) P. Debye, Rubber Reserve Company Technical Report No. 637,
1945 (see D. Mclntyre and F. Gormich, *‘Light Scattering from Dilute
Polymer Solutions,” Gordon and Breech, London, 1964),
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formed directly, but the solution can be simplified by the use
of generating functions. Then the convolution is replaced
by a simple product of the generating functions F,, Fy,, and F,

Fo(0) = Fa(O)Fu(0)F(0) 3

where by definition of a generating function

) = X fubt @

The elements of the offspring probability fy; are therefore
found as coefficients of the auxiliary variable ¢ in the Taylor
expansion of the generating function. Furthermore, the
meéan number of offspring is found by differentiation of
Fo0) with respectof fat 8 = 1

mean number of offspring =

Z lﬁ)i (5)

AFB)  _ ¥
0 =1 {1

The generating functions F,(0), F,(8), F.(6) are easily set up

Fo0) = (I — aa + pasfp + (1 — pladdc) (6a)

Fo(®) = (1 — ap + abfa) (6b)

Fuf) = (1 — ac + acba) (6c)

where p is the probability that group A will react with group B
rather than with group C. In these equations apfa means
that group B has reacted with A, pa.fg that A has reacted
with group B, and (1 — p)a.fc that A has reacted with group
C. The four probabilities ., ab, a., and p are not inde-

pendent. 1t follows from the condition that A can only react
with B or with C

as = apb 1T ac (7a)

ap = pag (7o)

ac = (1 — pas (79

Equation 3 is the probability generating function of offspring
for all units in the zero generation. For the construction of
the first and all other generations one has to take into account
that one of the three functionalities A, B, C, is necessarily

BC AC AB
o —¥- 9 —Y¥Y— ¢ —¥—
A B c

Figure 3. The three possible arrangements of a unit in the first
generation and the corresponding generating function for off-
spring.

linked with a unit of a preceding generation. From graphs
of Figure 3 one realizes

Fia(8) = Fp(6)F(6)
Fip(0) = Fa(6)F(6)
Fic(6) = Fa(O)Fu(6) ®

Insertion of eq 6 into eq 3 and 8 yields the link probability
generating functions of the zero generation

Fo(e) = (1 - a, + anfls + 0‘000) X
(1 — ay + apfa)l — ac + ada) )

and for the first and all other generations, i.e., forn > 1
Fpa® = (I — ap + anfa)1 — ac + afs) (10a)
Fp(0) = (1 — as + afs + adbc)l — ac + aba) (10b)
Fuo(® = (1 — oo + apfp + alfc)l — ap + anfs) (100)

Macromolecules

Cascade Substitution. Equations 9 and 10 allow the
calculation of the mean number of offspring in each genera-
tion. In order to obtain the total population of offspring
in all generations the link probability generating functions
have to be linked together.

As was shown by Good,* this can be done by a cascade
substitution which in the present problem reads

Ud0) = 621 — ay + apUss +
o Uic)1 — ap + apUia)(1 — ac + acUia) (A1)
Upa(d) = (1 — ap + apUnia, a1 — ac + acUns1,a)
Upp(®) = 6°(1 — ao + apUn, +
acUni1,c)1 — ac + acUpy1,a)

Upc(®) = 0**(1 — an + apUpiis +
acUn-H,C)(l — ap + abU;H-l,A) (12)

U(6) is called path weighting generating function and reduces
to the simple weight generating function of Good for ¢(n) =
1. It can be shown that U, generates the whole forest men-
tioned in the section General Considerations. The meaning
of the cascade substitution may be elucidated in terms of
family trees. It reflects a process where the grandfather is
replaced' by the father and the father by the son, etc.

Probably Uy(6) cannot be written in an analytic form.
Fortunately, this is not necessary and even not desirable.
One has to bear in mind that all measurable quantities are
averages of the molecular assembly, and these averages can
be calculated by differentiating Uy(6) with respect to 6§ and
setting 6 = 1.

As was shown by Kajiwara, Burchard, and Gordon! and
by Kajiwara and Gordon® the differentiation yields

%% _ pp, for ¢, = 1 (13)
00 lg=1
M for ¢, = M, (13b)
(S§9),2DP,, for ¢, = o’n (13¢)
P,(O)DP, for ¢, = exp(— X*n/6)
" (X? = hig?d

= (4r2/N)? sin? 6/2) (13d)

On performing the differentiation of Uy(#), one has to make
use of the condition that for all generations

Una(l) = Upp(l) = Unc(l) =1 14

Proceeding now from generation to generation,. one obtains
series which can be factorized into certain sums over infinite
series. With some patience but by elementary algebra one
finally arrives at (see Appendix I)

Uy'1) = g0+ 2 2 (o + @ 'ou +

2apae P (ap + a)™! 21 (o + )" ‘onr (15)
k=1 n=

With the specifications of ¢(n) from eq 13 one obtains

1 — ap? — gt

DPy, = ,
(I = o — )’

(16a)

My = M, LT’
(1 - Op — ac)2

(16b)

(9) K. Kajiwara and M. Gordon, manuscript in preparation.
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Figure 4. The z average of the mean square radius of gyration,
{S?),, as function of the weight-average degree of polymerization
for several branching values «., in comparison to the random tri-
functional polycondensates. The figures at the curves indicate
the values of a..

(s% i ap(l — ap) + acll — ao)

: A = ap? = aH1 ~ ap — @)
11— (an? + ao?) exp(—X?/3)
DPy (1 — (o + ac) exp(— X?/6)]*

The number-average degree of polymerization may be cal-
culated from a general relationship derived by Gordon®-¢

_ 2 _ 1
2 — Fy'(1) 1 — ap — ac

i

(16¢)

P.(6)

(16d)

DP, an

Computations and Discussion

The equations for the particle scattering factor and the
mean-square radius of gyration are instructively discussed in
comparison with the properties of the randomly branched
trifunctional polycondensates. For this purpose the follow-
ing previously derived equations are quoted!

_ 1+ @

DP, = = (18a)
1
DP, = — (18b)
1= G2

) 3a
(5% = o 20 + o)1 — 20) (182)
P(O) = i 1F aexp(=XY0) (18d)

DP.1 — 2a exp(— X?/6)

The Mean-Square Radius of Gyration as Function of the
Degree of Polymerization. Figure 4 shows the relationship
between (S?), and DP,, for the random polycondensate and
for five cases of the less random Erlander-French type.

As shown elsewhere,! the dependence of (§2), on DP,, for
the random polycondensate approaches quickly the simple
relationship

(§2),/0* —> (2/3)DPy, (19)

The Erlander-French type condensates, however, exhibit
quite different behavior, and may be written (see Appendix
1)

(§9)./0* —> [2ad(l — ao)]”/"DPy*? (20a)
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Figure 5. (S?), dependence on DP,.. The meaning of the figures

is the same as given in Figure 4.

for DPy > 1 and a. # ap and

(§?),/g? —> 2'/'DP,"/* (20b)

for e» = a.. If, on the other hand, ($?), is plotted against
DP,, a linear relationship is found (Figure 5)

(8%, = DP, @

and follows from eq 16¢ and 17 by the same argument as given
in Appendix II. An asymptote similar to eq 21 does not
exist for the random trifunctional polycondensates.

It is worth noticing that the limit of validity for the asymp-
totes of eq 20 is shifted to higher degrees of polymerization
if «. deviates considerably from «, = 0.5. The reason for
this becomes obvious by examining the meaning of a,. The
reciprocal of the value, 1/«., equals the number of monomer
units between two branching points and a. = 0 corresponds
therefore to a linear chain. Since for linear chains

2 2 = %
S0 = T i —
there must occur a continuous transition from the behavior of
eq 20a for high DP,, (where the chain is highly branched) to
that of eq 22 for low DPy (where the chain essentially is
linear).

Thus, for small «. values one has to expect a curve in the
double logarithmic plot with a variable exponent in the equa-
tion

= DPy = 2DP, (22)

(S®, « DPy* (0.5 < ¢ < 1.0) (23)

Such curves are seen in Figure 4 for a. = 0.01 and o, =
0.001. Similar arguments apply for Figure5.

The Particle Scattering Factor. In Figures 6 and 7 the
particle scattering factors are compared in Zimm plots, where
the abscissa is #2(S?), and & = (47/)\) sin ©/2. The striking
feature of these curves is the strong upturn for the different
cases of the Erlander-French polycondensation type in con-
trast to the linear graphs of the random trifunctional and the
linear polycondensates. The upturn is most pronounced for
a. = ap and becomes more smoothed when a. or ay, is small,
and eventually a straight line is obtained when «. or ay
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Figure 6. Zimm plots for the particle scattering factors of poly-
mers with DP,, = 105, Meaning of the figures at the curves as in
Figure 4.

approaches zero (linear chains). Furthermore, the upturn
is less marked for low DPy (Figure 7) than for high ones
(Figure 6).

This upturn might be expected for branched chains, as it is
observed for cruciform molecules.® It was therefore surpris-
ing that the Zimm plot for the randomly branched polycon-
densate was found to be linear.! This behavior was at-
tributed by Kajiwara, Burchard, and Gordon to the broad
molecular weight distribution. The upturn caused by the
increase of segment density due to branching appeared to be
balanced by the downturn due to the molecular heterogeneity.
This interpretation was confirmed by a further paper of Kaji-
wara,'! who succeeded in the calculation of the particle
scattering factor of homodisperse randomly branched f-
functional polycondensates. The Zimm plots of the particle
scattering factors of these products exhibit the expected strong
upturn. The upturn which occurs in Zimm plots for the
Erlander-French type condensates suggests a narrower
molecular weight distribution than for the random case. In
fact, Erlander and French showed that the heterogeneity of
the type II polycondensates increases approximately with the
root of DPy,, whereas for the random type 1 polycondensates
the heterogeneity varies proportionally to DPy,

B
DP,/DP, « DP,*  for A—< (242)
C
II
A
DP,/DP, « DP,,  for A—< (24b)
A
I

The less marked upturn for low DPy, is naturally explained
by the fact that at low DP, the chain resembles more and
more a linear chain. For instance, at DPy, = 10% and . =
10~8, only a few chains have branches, and the corresponding
particle scattering factor deviates only slightly from that of a
linear chain. ,

Length Distribution of Subchains. It is also of interest to
compare the length distribution of subchains within the

(10) H. Benoit, J. Polym. Sci., 11, 507 (1953).
(11) K. Kajiwara, Polymer, 12, 57 (1971).
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Figure 7. Zimm plots for the particle scattering factors of polymers
with DPy, = 103, )

branched molecules. This distribution is certainly significant
for the behavior of the particle scattering factor, becduse in
the path weighting generating function the contributions of
particle scattering factors of all possible subchains are counted
and summed. The length distribution for the random type
I polycondensation is a most probable distribution!'4*

ho(n) = A — a)a"! @5

It is well known that the z average of P(0) from such a distribu-
tion yields a straight line in the Zimm plot, and eq 25 may be
regarded as one of the reasons for straight Zimm plots for the
randomly branched polycondensates. Following these argu-
ments, one should expect a narrower length distribution for
the Erlander-French polycondensation type. This is in
fact the case. Applying a method of Good** (see Appendix
ITI) one finds for the length distribution in a type II poly-
condensate

- aa)z

aa(l — o) + anee

h(n) = {aa" + (n = Dapacas™ %} (26)

This can be written in terms of a most probable and a once
convoluted most probable distribution

_ aa(l - aa)ho(n) + abachQO(n)
as(l — ag) + apa.

@7

where
h20 = ho(aa) * ho(ola) = (1 —_ aa)%za"_?(n - 1) (28)

(the asterisk stands for convolution). For high degrees of
polymerization the value of apw. is large compared with
(1 — a,), and eq 28 reduces to

h(n) —> hyo(n, o)
(o = 1)

@9

only, if a. is very small, both parts of the linear combination
in eq 27 contribute significantly {o the length distribution,
and in the limit of «o = 0, i.e., the linear macromolecule, one
has

h(n) —> ho(n, as)

(ce — 0) 30)

The narrower distribution (29) may be associated with the
upturn of Zimm plots and eq 30 with a linear graph. The
change in the upturn on varying «. is thereby qualitatively ex-
plained.

However, the length distribution of subchains can be only
one of two factors, which determine the shape of the particle
scattering factor, because convoluted linear chains do not
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show such a marked upturn as for the branched chains. A
second reason for the upturn must be seen, therefore, in the
increase of segment density in the molecule because of branch-
ing.

As mentioned in the introduction, the Erlander-French
type polycondensate is realized in glycogen and amylopectin.
The indicated upturn of the particle scattering factor was
indeed observed for some amylopectins.12:1® Furthermore,
as eq 16 is symmetric with respect to a1, and «,, the same theory
should also be applicable to dextran. However, in both
cases the interpretation of light-scattering data is complicated
by a superimposed association of the molecules, and a de-
tailed analysis of the structure of these polysaccharides will
be given elsewhere.
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Appendix I. Derivation of Eq 15
The path weighting generating function is written
U®) = 021 — an + aplUig + alic) X
A - ap + apUa)1 — ao + acUisa)
U a(®) = 6°°(1 — ap + apUpya,a) X
(1 - O -+ acUn+1.A)

Un,B(o) = 0¢n(l — oy + abUn+1,B -+ acUn+1,C) X
(1 - O + acUn+1.A)

Un,C(o) = de(l — aa, + abUn+1,B -+ acUn+1.C) X
A — ap + avlUpi,a) (Al

Differentiation at § = 1 yields
Us'(1) = ¢o+ anlia’ + aclic’ + (o + adUra’ (A2)
with recursion formulas
Una’(1) = ¢ + (o + a)Uppa’
Una'(1) = ¢n + avUnni’ + aclUnsic’ + aclUpia’
Uoc'(1) = ¢n + avlUnss,s" + aclUpnc’ + anlUpna’ (A3)
Starting with # = 1 one obtains for

Ua

¢+ (ap + adUsa’
¢1 + (an + o) + (ap + ag)?Usa’

&1 + (ap + adddr + (ap + ad)?és + ... +
(ab + ac)n—lUn,A’

This can be summarized as

U,/ = 21 (ap + )" 1on (Ad)

(12) C.J. Stacy and J. Foster, J. Polym. Sci., 20, 57 (1956).
(13) S.R. Erlander and D. French, ibid., 32, 291 (1958).
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Similarily, one finds for
Us" = ¢1 + avle s’ + aclsc’ + aclsa’

= ¢ + (ab + ag)pe + (ap + a)lavUsp’ +
aUs,c’'l + aclpa’ + 2apa.Us s’

Uy’ = 712::1 (ap + @™ ¢ + aclhn’ +
2ana, rgl (ab + @) 1Upis,a’ (A5)
and since
Una’ = 5 (e + a0 psin (A6)
one obtains
U’ = nZ::l (b + @) 1pn + ac ngl (b + @) '¢up +

2apa, Z_)l (ap + ao)™! kzl (ab + ) 1¢pn—t (A7)

A very similar result is found for Ui,¢’

© ©

Uc' = 2 (ab + a)1on + ap 2 (ab + )" onp +

n=1 n=1

2("bO(c Zl (ab -+ ac)n_l kzl (ab + ac)k_l¢n+k—1 (AS)
Insertion of (Ad), (A7), and (AR) into (A2) yields

U1 = g0 + 2Aew + @) X (v + a"'on +

2apa, 21 (o + ac)*? kEI (ab + @) '¢nin

which is the result of eq 15 in the text.

Appendix II. Behavior of (S?), at Large DP,,
Equation 16 may be written as

<S_2>z - ap(l — ap) + adl — ac)DPwl/2 (A9)

o? 1 - ap? ~ acz)a/z

On solving eq 16a for a1, one obtains

DP, DPy, 2
apy = (1 — ac)mi a- ac)[<m> -
DP, 1 14 a7
1 + DPy T 14 DP;1 i_ ac:l (A10)
In the limit of large DPy
DPy 1
1+DP. 1+Dp,
thus
ap =1 — a (A1l)
Insertion of a}, into eq A9 yields eq 20a of the text. Finally,

if ap, = «a, and DPy >> 1, the probability a1, approaches the
limiting value 0.50 and eq 20b follows then from (20a).

Appendix ITI. Length Distribution of Subchains

According to Good,* the generating function for the num-
ber of offspring in the nth generation is found by the following
cascade substitution

G = F(Fu(Fs(. .. Fou( ))) (A12)
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where F, is given by eq 9 of the text and

F; = (Fsa, Fis, Fio) =12, ... (A13)

with components F;a, F;p, and F,c as defined in eq 10.
More explicitly, eq A12 reads

GO) = (1 — aa + anGip + @Gic) X
(A — ap + aGra)l — ac + acGi,a) (Ald)
Gia =1 — ay + oG a)1 — o + acGyi1,4)
Gz = (1 — aa + oGy + acGirc) X
(A — ac + acGj1,4)
Gic = (1 — as + apGip1,B T acGip,0) X
(1 — ap + apGyu,a) (AlS)
(forj<n—1)
Gr1,a = (1 — ap + a1 — a + acb)
Gr18 = (1 — aa + [ + @)1 — ac + acb)
G = (1 — aa + [an + a1 — ap + apb) (Al

Again the average number of offspring is obtained by differen-
tiation at § = 1. This yields

Macromolecules

G'(1) = asGi8" + acGrc’ + (o + a)Gira’ (Al7)

The value for G4’ results immediately for the first lines of
(A15) and (A16)
Gia' = (ap + a)*™? (A18)

The evaluation of Gi5’ and Gic’ is moreinvolved. After some
rearrangements one obtains

apGLs’ + aGic’ = (ap + a)® +
2(n — Dapac(ay + oc)™?

Inserting (A18) and (A19) into (A17) one finds the average
number of offspring in the n-th generation (N),,

(A19)

(N)n = 2(ap + )" + 2(n — Davan(an + )2 (A20)

Since the number of nodes in the n-th generation equals the
number of paths of length » from the zero-th generation, the
normalized path-length distribution is

a- aa)2
as(l — ay) + avae

h(n) = {aa" + avacas™™?  (A21)

where

ay = ap T
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ABSTRACT: Small-angle light scattering of reconstituted collagen films was photographed with Hy, Vv, Vg, Hg, and inter-
mediate configurations, where H and V refer to the direction of electric vector of the analyzer and the subscript denotes the po-
larizer direction. The effects of temperature, swelling, and deformation in the superstructures can be followed by observing
changes in SALS. A deformation mechanism is presented detailing the various stages of strain-induced orientation. Cross-
linked collagen film appears to contain smaller size scattering elements, which are more susceptible to orientation by swelling
and temperature changes than those films which have not been irradiated. Films of collagen—poly(vinyl alcohol) copolymer

gave SALS patterns nearly the same as the collagen homopolymer films.
form new superstructural units, and it tends to plasticize the collagen units.
collagen film rearrange to form incipient “native’” fibrils; the copolymer samples do not do so.

The grafted poly(viny! alcohol), however, does not
Under high strain the molecules in reconstituted
When the sample is highly

oriented, the polarized laser beam passing through it becomes depolarized. Light and phase contrast microscopy were also

used to verify some of the SALS conclusions.

t is generally accepted that the basic constituent of col-

lageneous substance is the tropocollagen triple-helical
molecule which is about 3000 A in length and 15 A in diame-
ter.? They aggregate in a solid state forming quarter stag-
gered, fibrous long-spacing,® or segment long-spacing®
crystallites. These in turn are assembled into long parallel
bundles of fibrils such as those in rattail tendon. They are
laid down in mutually perpendicular layers in the cornea.
Therefore, there are several levels of superstructures, all having
dimensions comparable to the wavelength of light. They
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should scatter light efficiently as anisotropic rods or disks.
A theory for the angular dependence of light scattering by a
random assembly of such entities in two dimensions has been
formulated by Stein and Rhodes.* This theory has been
widely used in the interpretation of small-angle light-scattering
(SALS) patterns. Recently, Kawai, er al., reported some
SALS patterns obtained with films of acid-soluble collagen
and enzyme-solubilized collagen. The conventional Hy and
Vv configurations were used (the subscript designates that the
electric vector of the polarizer is vertical, the letters H and V
indicate the directions of the electric vectors of the analyzer).
The fourfold symmetrical Hv pattern was found to be the (+)
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